1 Probability and random variables
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e Kap. 1 a 2: pravdepodobnostny model, udalosti, podmienena pravdepodobnost, ne-
zévislé udalosti.

e Kap. 3: ndhodné premenné.
e Kap. 4: diskrétna ndhodné premenna (DRV), probability mass function (PMF).
e U: Najdite vSetky nezaporné DRV X také, ze £ (X) = 0.

e Moze nezédporna DRV mat strednt hodnotu I'ubovolne blizku nule? (Riesit osobitne
pre kone¢ny a nekoneény support.)

e U: Najdite DRV, ktora neméa konec¢nti strednt hodnotu.

e Najdite DRV X, ktorda ma kone¢nu stredni hodnotu, a funkciu g taka, ze g(X) nema
kone¢nt stredni hodnotu. Existuje funkcia g ku kazdej X7

e Veta 4.12: linearita strednej hodnoty.
e Def. 4.15: rozptyl, disperzia, variancia.
e Veta 4.20: linearna transformécia rozptylu.

e U: Vypocitajte E pre DRV s geometrickym rozdelenim. DU: aj D.

. - . - 1
E(X)=) nP[X=n]=> np(l-p)" ' =p/p>=1/p,  using Y na"' = (1—2)2
n=1 n=1 n=1

E(XZ) :;nQP[X:n]: 2])—219’ using ;nzxn1:(1lj—;>3
D(X)=E(X?*) — (B (X)) = (1-p)/p*
e U: Najdite DRV, ktora ma F, ale nemé D.
e Kap. 4.2: pozrite si bezné diskrétne rozdelenia (DU).

e Kap. 6: nezavislost nahodnych premennych, iid, vety 6.10 a 6.14 o E' a D nezavislych
DRV.

e DU: For two independent DRVs X and Y, prove that D (X —Y) =D (X)+ D (Y).

2 Markov and Chebyshev inequalities

E(X)

Markov inequality. P[X >a] <
a

(non-negative DRV X)

e Proof: if large values have high probability, they sum to too much in E (X)) calculation.

e Carefully examine the proof to determine all cases where equality holds.
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o If F(X) is all we know about X, Markov bound is best possible.

e In general, the bound is very loose except in cases near equality. Especially for light-
tailed distributions: the Markov bound falls only linearly, while probability can fall
exponentially or even faster.

e DU: Compare Markov’s bound with true probability for geometric distribution.

e U: Suppose the expected runtime of QuickSort is 2n log(n) operations. Use Markov’s
inequality to bound the probability that QuickSort runs for longer than 20n log(n).

Solution: P < 2nlogn/20nlogn = 0.10. Nice: no assumption about distribution of
running times.

D(X)

a?

Chebyshev inequality. P[|X —FE(X)|>a] < (any DRV X that has finite
D (X))

e Proof: apply Markov inequality to DRV Z = (X — F (X))?.

e DU: Carefully examine the proof to determine all cases where equality holds (a
distribution with only 3 values with non-zero probability).

e U: Prove the classical form of Chebyshev inequality (using the variance form given
above): P[|X — E(X)| > ko] < 1> where o is standard deviation, i.e. D (X) = o?.

e Assume X is a DRV with £ (X) =10, D (X) = 25.
U: What does the Chebyshev inequality tell us about P [X > ¢] for ¢ € {12,16,30}?

Solution: Since [X > ¢] C [|X — 10| > ¢ — 10], we have P[X > ¢] < 25/(c — 10)2.
Only useful for ¢ = 30. DU: Construct a DRV X such that £ (X) =10, D (X)) = 25,
and P[X > 12] = 0.

e Let’s prove Cantelli’s inequality:

D(X)
PIX—B(X)2d < 55

Solution: Let Y = X — F(X); then E(Y)=0,D(Y) =D (X), E(Y*) =D(Y) +
E(Y)> = D(X). For any t > 0, consider the non-negative DRV (Y + ¢)? and apply
Markov:

E((Y+1)?) D(X)+¢t

PlY>al <P[Y+1t)?>(a+1)] < (@+t)?2  (a+t)?

Minimizing this over ¢ (e.g. by taking derivative equal to zero) we get minimum for
t=D(X)/a.

e U: Check equality for Bernoulli distribution (binomial with n =1) and a =1 — p.
e DU: determine all cases of equality in Cantelli’s inequality:.
e Is Cantelli better or worse than Chebyshev for bounding just one tail, i.e. P[X > a|?

e There are other variations of Chebyshev inequality that involve more information
about X, e.g. supremum of probability density.



e Observation: while Markov bound is loose, we can get better bounds by applying it
to some modified DRV in case we know enough about D (X).

e Markov vs. Chebyshev and Chebyshev vs. Cantelli advantage: simplicity of expressi-
ons. If we need complicated subsequent work with the bound, like minimizing it, it
might be preferable to use Markov despite being much weaker. Example: existential
proofs where we only care about some P > 0.

e DU: Using Chebyshev’s inequality, prove the weak law of large numbers (Veta 6.22
in Harman).

Solve the following using both Markov and Chebyshev inequality and compare the strength
of the obtained bounds.

e U: A coin is weighted so that its probability of landing on heads is 20%, independently
of other flips. Suppose the coin is flipped 20 times. Bound the probability it lands on
heads at least 15 times.

Solution: X ~ Binomial(n = 20,p = 0.2), thus F(X) = np = 4 and D (X) =
np(l —p) =3.2.

Markov: P[X > 15] < 4/15 = 0.27.

Chebyshev: P [|X — 4] > 11] < 3.2/112 = 0.026 and [X > 15] C [|X — 4] > 11].
Cantelli: P [X —4 > 11] < 3.2/(11% + 3.2) = 0.026.

The actual probability is 1077.

e U: A system is processing a random stream of requests; let X be the number of
requests per hour. Assume £ (X) = 100 and D (X) = 100. What is the probability
that the number of requests over the next hour is at least 2507

Solution: Markov: P[X > 250] < 100/250 = 0.4; Chebyshev P [|X — 100| > 150] <
100/150% = 0.004. If X ~ Poisson(100), actual probability would be almost zero.

e U: What is the probability that a random permutation has at least 2 fixed points?

Solution: Let X = )" X;, where X; is an indicator DRV for i being a fixed point.
We want P [X > 2|, while E(X) = )" | 1/n = 1. Markov inequality: P [X > 2] <

1/2 =0.50.
Variance:
E<X2) :ZE<X12) +ZE(Xz‘Xj) =1+nn-1)- (n;'Q)! =2,

i#]
so D(X) = E(X?) — E(X)*=2—1=1. Chebyshev inequality:
P[X—-1/>1<1/1?=1, so P[X=0+P[X>2<1.

P[X =0] is known to be 1/e, so P[X > 2] < 0.63.
Cantelli inequality: P[X —1> 1] <1/(1+1) = 0.50.

e U: The score distribution of an exam is modelled by a random variable X with range
[0,110] and average 50. Give an upper bound on the proportion of students who
score at least 100. What are the possible values of variance? For each of the values,
determine if Cantelli bound is better than Markov bound.

Solution: Markov: P [X > 100] < 50/100 = 0.50.
Minimum variance is 0, for one-point distribution. Maximum variance: we maximize
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E ((X —50)?). The function (z — 50)% on [0,110] is convex, thus we want to push
probability mass to the endpoints of the range. Thus P [X = 0] = pand P [X = 110] =
1 — p, in which case E (X) = 50 implies p = 6/11 and d = D (X)) = 3000.

Cantelli: P[X —50 > a] < ﬁ, so P[X >100] < W‘lsom Thus Cantelli would be
better if d < 2500. Note how Markov becomes better than Chebyshev/Cantelli when

we get close to a two-outcome distribution (the one maximizing variance).

e DU: Suppose the length of time to complete a process T is the sum of three known
independent distributions:

— X ~ Uniform(0,12), with £ (X) =6 and D (X) = 12.
— Y ~ Exponential(rate = 0.5), with £ (Y) =5 and D (Y) = 25.
— Z ~ Normal(10,4), with E (Z) =10 and D (Z) = 4.

Verify the calculations of £ and D and prove that E (T) = 21 and D (T) = 41. It
is hard to find density or distribution function of 7', but we can easily bound tail
probabilities. Find P(T" > 35). (The actual answer is ~ 0.03. Note that 7" could be
negative, so Markov is not allowed, but you can still apply it to get a bound better
than a wild guess because it is negative just a bit.)

e DU: Chebyshev’s inequality uses variance to bound deviation from expectation. Va-
riance is essentially about the second moment of a distribution. We can also use higher
moments. Prove that if X is a DRV such that for some even k, E ((X — E (X))*) is
finite, then

PIX - B(X)| > tY/E(X - BEXOM)] <

Why would it be difficult to derive a similar inequality for odd k?

d
e DU: Prove that if a k-th moment of a DRV X, ie. E (Xk), is finite, then all its
smaller moments are finite.

3 Cauchy-Schwarz and Jensen inequalities

Let’s discuss F (XY') assuming that E (X), E (X?), E(Y), E (Y?) are finite. We can derive
an upper bound on E (XY):

E(XY)<E(X*)E(Y?).
Proof: For any real ¢, E (X —tY)?) > 0, hence
E(X?) = 2tE(XY)+t*E (Y?) > 0.

Since the left-hand side is non-negative, the discriminant of this quadratic equation in ¢
must not be positive, i.e.

AE (XY)* —4F (X?) E(Y?) <.

Equality is achieved when discriminant is zero, i.e. Y = ¢X for some constant ¢ almost
surely (i.e. everywhere except on some set that has probability zero).

For two DRVs X and Y, their covariance is defined as

Cov(X,Y) = E(X — E(X))(Y — E(Y))) = E(XY) — E(X)E(Y).
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(the last equality holds because after expanding, E (X E (Y)) = E(Y) E(X) since E(Y) is
a constant and expectation is linear).

Applying the above upper bound to DRVs X — E (X) and Y — E (Y), we obtain an upper
bound on covariance:
Cov(X,Y)? < D(X)D(Y).
Consequently,
|[E(XY)—E(X)E(Y)|<V/D(X)D(Y).
Equality holds when X — F(X) and Y — E (Y)) are almost surely linearly dependent, i.e.
when Y = aX + b for some real a, b.

U: Let X, Y be DRVs such that £(X) = 1,D(X) = 4,E(Y) = 2,D(Y) = 1. Find
maximum possible value of £ (XY).

Solution: Using the first bound, £ (XY) < 5 because F (X?) = F (Y?) = 5. But equality

cannot be achieved: if Y = ¢X, thenc=FE(Y)/E(X)=2%# /DY) /D (X) =+/1/4 =
1/2.
Using the second bound,

E(XY)<EX)E(XY)++/DX)D(Y)=1-2+V4-1=4.

Equality for Y = aX + b such that 2 = E(Y) =a+band D(Y) = a®>- 4, ie. a = 1/2,
b=3/2.

Note how the simple shift from X to X — E (X) before applying an inequality (Cauchy-
Schwarz this time) helped to improve the bound.

Since D (X) > 0, we know that E (X?) > E (X)?. In general, according to Jensen’s inequ-
ality for a convex function g,

E(9(X)) = g(E (X))
(assuming that both expectations are finite).

DU: Let X be a positive DRV with F (X) = 10. What can we say about

(a) E (HLX) B (mVE)?

1 1 1
Solution: (a) Since 7 is convex, E (1 n X) > B =

(b) Since In is concave, E (111 \/7> <-lnE((X)=1.15.

1
2

4 Birthday paradox

Let Xi,...X,, ben > 2 iid DRVs with range 1,2,...,d, where X; denotes the birthday of
the person i. A collision occurs if X; = X for some i # j.

(i) If n < V/d, then P [collision] < 1/2.

(ii) If n > ¢v/d, then P [collision] > 1 — 3.



This is our first example where a threshold phenomenon occurs: below some threshold, the
probability is small, but above the threshold, it is asymptotically close to 1. In our case,
P is not close to zero, but the typical thresholds are sharper (e.g. in statistical physics,
water suddenly changes from liquid to gas at a certain temperature; SAT instances with
the number of clauses below the threshold are almost surely satisfiable, while above the
threshold unsatisfiable etc.).

Let Y;; be the indicator variable for X; = X; and ¥ = ZK]. Yi;.
For (i), we want P[Y > 1] < 1/2. Let’s try Markov.

B =SB0 =L P =1=5(3)

P[Y21]§E<Y)=1(n)=%<;§%-

SO

3

S8

For (ii), we would need a lower bound on P[Y > 1], or equivalently, an upper bound on
P [Y = 0]. Markov bound cannot give us a useful estimate: Y could be 0 with probability
1 —cand E (Y) /e with probability . Since P[Y =0] < P[|Y — E(Y)| > E(Y)], we hope
that Chebyshev inequality plus an upper bound on D (Y") will help us.

The variables Y;; are pairwise independent, but triples of them are not independent (because
Yij = Y, = 1 implies Y}, = 1).

D(Y)=ZD(Ej)=ZE(Y%§)—E%‘)Z:Zé_%<Z%z:%z<g)‘

Note that D (Y) < E(Y); if Y was a sum of iid variables (why not?), then the distribution of
deviations from E (Y') would be approaching normal for large n (by central limit theorem).
Hence, most probability mass would be concentrated around E (Y) £ 34/D (Y), and thus
Y = 0 would be very unlikely. Now more precisely with Chebyshev (for « = E (Y')) that
can be applied even if Yj;’s are not iid:

D<Y2< Cll(g) :i: 2d <ﬁ<£'
> > 2

PY =0/ <P[ly —E(Y)[> E(Y)] < E(Y)

From this, (ii) follows immediately.

In (ii), we could employ the Paley-Zygmund inequality which states that for a non-negative
DRV X with finite D and any 6 € [0, 1],

PIX >0FE(X)] > (1- 9)2552)'
In our case, for § = 0,
Py sgs EOP BOP B E ()

EY?) DW)+E(XY)Y - EY)+E(Y)Y? 1+E(Y)

For large n > ¢v/d, we have E (Y) = n(n — 1)/2d > ¢*/4. Thus

/4 1 4
[ = 1+c2/4 144/ — c?




U: Let X be a non-negative integer-valued DRV with positive expectation. Prove that

< P[X #0] < B(X).

(The lower bound is a variant of Paley-Zygmund and its use is sometimes called second
moment method. We want a full proof, not just an application of a more generalized form
of the same theorem.)

Solution: Consider an indicator DRV Y = I[X > 0]. Then XY = X, Y? = Y, and
E(Y?*) =E(Y)=P[X #0]. Hence

E(X)?=EXY)<E(X))E({Y?)=E(X)P[X#0].

For the upper bound, we just apply Markov’s inequality: P [X > 1] < F (X) /1 (such usage
is known as first moment method).

5 More concentration bounds

Markov and Chebyshev inequalities give us some bounds on how likely it is that a random
variable deviates from its expectation. There are many more inequalities of this kind, known
as concentration bounds; we discuss a few examples below.

In the following, let us assume that X, X5, ..., X, are iid DRVs with finite £ and D = o?
and X = 13 X;.

Weak law of large numbers (WLLN).

PIX-E(X)|2d <50 =7

Proof: the formula above already applies Chebyshev, we only need

D(X)=4Y D(X;) = 1D(X;) (we used independence of X;).

n T n

Hoeffding’s inequality. If each X; € [a, 1],

Note how this bound is exponential in terms of n vs. just linear for the bound derived via
Chebyshev. It is commonly used in machine learning:
https://people.cs.umass.edu/ domke/courses/sm12010/10theory.pdf

Notice the difference between the two bounds: while WLLN gives a bound in terms of va-
riance, Hoeffding gives a bound that only requires knowing E (X)), the variance is implicitly
covered by the assumption X; € [a,b]. We can venture a guess that the Hoeffding’s bound
corresponds to the worst case (if we knew more about D (X;), we could perhaps improve
the bound). If we wanted a bound independent of D (X;) from WLLN, we would need some
upper bound on D (X). Let’s try it in the following exercise.

U: Assume that the X; above are Bernoulli, i.e. P[X;=1] = pand P[X;=0] = 1 —
p. Use WLLN and Hoeffding’s inequality to determine how large should n be so that
Pl[X — E(X)|>¢] <0 for a given 0.
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Solution: First, we derive a bound on D (X;) independent of p: D (X;) = p(1 —p) < 1/4.
For WLLN, we get

D (X) 1
PIIX-E(X)|>¢ < < .
IX-Bx)|2d< 25 <
If this is to be at most d, we need n = Q( ! )

e25

For Hoeffding’s inequality, we have a = 0, b = 1, and thus
PX —E(X)|>¢e] <22

If this is to be at most d, we need n = () <mf¢) This is obviously better than the bound
derived from WLLN; the probability of failure decreases exponentially with the number of
samples n. For asymptotic purposes (proving that P — 0 as n — oo, without regard for

rate of convergence), both bounds could be used with the same effect.

Let’s take a look at how ¢ depends on n (assuming fixed 0): the error band size only
decreases as the square root of the number of samples, both for Chebyshev and Hoeffding’s
bound since they both contain the term ne?.

DU: Study the idea behind Chernoff bounds, another strengthening of Markov’s inequ-
ality. https://web.stanford.edu/class/archive/cs/cs109/cs109.1218/files/student_drive/
6.2.pdf https://www.probabilitycourse.com/chapter6/6_2_3_chernoff_bounds.php

6 Monte Carlo method and the median trick

We say that a RV X is an unbiased estimator of p if F(X) = p. The relative variance of
Dl(;()'

Let X1, X5, ..., X} be independently chosen samples of X and let Y = %Z X;. Since X is
an unbiased estimator of u, F (X;) = p, and thus E (V) = p. In addition,

an unbiased estimator X is ¢t =

1 1 _D(X) y?
D(Y)_E~D<ZX1-> = S kD(X)= T =2
By Chebyshev’s inequality,
DY ¢
Pll-ousy < @tap] =PIV —pl<ad > 1- 200 —1- 50

If we are aiming for P =1 — ¢, we take k = 5 - 1 and get a (1 £ ¢)-approximation of .

We want to investigate how many dart throws a Monte Carlo method needs to determine
the area of a complicated shape. Let A be the shape, B a rectangle in which A lies, and s
denote the surface area function. Let W be a Bernoulli RV indicating whether a uniformly
randomly chosen point from B belongs to A or not; then E (W) = P[W = 1] = s(A)/s(B)
and

DW)=P[W=1](1-P[W =1]) :ng (1—;(2;).

Since we precisely know s(B), we can use X = s(B)W as an unbiased estimator of s(A).
The relative variance is
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This relative variance ¢ is fixed (the shapes A and B are given, they are not part of the
random process). Thus in the inequality it is sufficient to take k = @(ai2 . %) to get a
(1 £ &)-approximation of s(A) with probability 1 — ¢ (the asymptotics in © with respect to
d — 0). This holds independently of the distribution of X (or W ).

It would be possible to improve the bound on £ by using Hoeffding’s inequality instead of
Chebyshev inequality directly. Instead, we show a general “median trick” used to increase
the probability of having a good unbiased estimator.

Let us fix k such that the probability in inequality is 3/4 (or more). We repeat the
estimation ¢ times, obtaining Y7, Y5, ..., Y, as samples of Y, and output the median of the
¢ obtained values. The median is in the interval I. = [(1 — €)u, (1 4 €)u| if at least half of
the Y;’s are in I..

We show that the probability of the opposite event (most Y;’s outside of the interval) is very
small. Let Z; be the indicator DRV for Y; € I. and Z = > Z,. Clearly P[Z; = 1] > 3/4,
thus F(Z) = E(Z;) > 3(/4. By Hoeflding’s inequality, using Z € [0, ¢,

P{Zﬁé] gP{ZgE(Z)—ﬂ gP[\Z—E(Z)\zﬂ SQexp(%).

We can pick £ = O(In ;). That way, we only need O(Z -In 5) samples (the O notation hides
k which is treated as a constant since it is independent of §). So instead of a bound linear
in 1/§ we have one logarithmic in 1/§.

This median trick is especially useful for randomized algorithms — starting from a mediocre
algorithm giving the right answer barely above half of the time, we can boost the probability
arbitrarily close to 1 without blowing up the time complexity.

7 Random walk

Consider a random walk: a person walks along integers, starting at 0. In each step, he moves
right or left, each with probability 1/2, independently of what he did before. Let X; be £1;
the position after n steps is S, = >~ | X;.

U: Prove all of the following:
o E(S) =mn;

o E([S]) < v/n;
e lim P [[S,| > ¢yv/n| = 0.

c—00

Solution: Obviously F (X;) =0, D (X;) =1 and E(S,) = 0. For the investigation of the
distance from origin, which is |S,|, it seems easier to look at S? instead. We have

E(S}) =n+)Y_ E(X;X;)=n.
i#j
The sum is zero because E (X;X;) = E(X;) E(X;) =0 (X;’s are independent). Alternati-

vely,
E(S2) = E(82) — E(8,)" = D(S)) = Y D (X)) =n.



If we are interested in the distance |S,| and not its square S%, we cannot just naively take
the square root: in general, E (X)* # E (X?). But we can use the second moment to at
least get an upper bound via Cauchy-Schwarz inequality:

E(|Su]) = E(|Sa| 1) <V E(S2) E(1?)

Then Markov’s inequality yields

P [[Sa] > ev/n] < %\fﬁ” <

1
-

For ¢ — o0, P — 0.

Alternative solution: For ¢ > 0, Hoeffding’s inequality gives us

P [|S,] = ev/n] < 2exp (—%2) :

For ¢ — 0o, P — 0. If we choose ¢ to be any unbounded function of n (albeit growing very
slowly), then P — 0 as n — oc.

A careful analysis shows that E (|S,|) ~ /2n/7m =~ 0.8y/n (check WolframAlpha). This
value could also be obtained from normal approximation, i.e. by applying the Central Limit
Theorem to the binomial distribution arising in our random walk. We don’t do it here.

U: Use the Paley-Zygmund inequality to derive a lower bound on P [S2 > cn] for some
constant c.

Solution: In order to use Paley-Zygmund, we need to compute variance of S2, or its second
moment, i.e. F(S!). In the expansion of (X; + -+ + X,,)?, we can apply E to each term
individually because FE is linear. But all terms that have at least one odd exponent are zero
since £ (X;) = 0 (our X;’s are independent, so E (X,;X;) = E(X;) E(Xj)). Thus we are
only concerned with terms where all exponents are even. They are of two kinds:

X1) = E (1) = 1; there are n such terms.

(
E(X}X?) = E(X?)E (X}) = 1; there are 3n® — 3n such terms because there are
(") ways to choose the pair of indices and (;l) terms for a fixed pair of indices (we are
choosing 2 positions for index ¢ out of 4 possible ones).

Put together, E (S?}) = 3n? — 2n. Now we use Paley-Zygmund with ¢ € [0, 1]:

E(s3)? n’
P[S:>tE(S2)] = (1—1t) B = (1 - t)2m
Thus )
2 S > 2 N S (142, =
P[S2>tn] > (1-1t) 37 5 2 (1—1)
and

Consider now M,, = maxo<k<y, |Sk|, i.e. the maximum distance achieved during n steps of
our random walk. Kolmogorov’s maximal inequality yields

P M, >m| < = —.


https://mathworld.wolfram.com/RandomWalk1-Dimensional.html

In order to calculate E (M,,), we use a trick applicable to any non-negative integer-valued
DRV X:

E(X)=> aP[X=a=)_ > P[X=a=) > PX=a=) P[X>}.

a=1 1 b=

In our case,
E(M,) f:P[M> ]<Oo" G O(n)
n) = n>m| < — =n—=0(n).
m=1 m=1 m? 6
This is disappointing — trivially, M,, < n. But notice that the first terms of the sum, i.e.
n/12,n/2%, ..., are much larger than 1, so they are very poor bounds for probabilities. We

can do better if we split our sum at the point where the Kolmogorov’s bound gets below 1:

Jn
E(M)<S 1+
1

m=

1

%Z\/ﬁ%—nz %zﬂ%—n-O(\/ﬁ

m>\/n m>\/n

) —owm

because Y 75 < > ﬁ = > 15 — ¢ and this telescopic series can be bounded by its first

term O(1/4/n). Hence even the maximum distance achieved during the random walk does
not deviate much from the average distance of ~ y/n.

Random walks (and Brownian motion) have been researched in depth, whole books exist
on them.

8 Triangles in random graphs

The basic Erdés-Rényi model G(n,p) generates a graph on n vertices where each edge is
present with probability p independently of other edges.

Let’s investigate how the value of p affects certain graph properties. We are interested in
what happens for n — oo if p is a given function of n.

Having a triangle. The probability that a specific triangle is present in G(n,p) is p>.
However, the triangles overlap, so it is not easy to compute the probability that there is at
least one triangle in a graph. Instead, we will explore moments such as £ and D to derive
bounds on the probability that is difficult to compute precisely.

Let X = >, Iy, where the sum is over all triangles 7" in G(n,p) and Ir is the indicator
DRV for the presence of T'. Then,

n n3p?
E(X):(3>p3~ 5

If p<1/n, then £ (X) — 0, thus by Markov’s inequality (first moment method),

E(X)
1

PIX>1]< 0.

Next, we focus on the case p = 1/n. We use the second moment method to derive a lower
bound on P [X > 1].

E(X?) =) E(Irlp).

T

The pairs (7', 7") fall into four categories:


https://www.math.uchicago.edu/~lawler/srwbook.pdf

e Triangles sharing no vertices. For disjoint triangles, the events are independent, so
E (I7Ip) = p®. There are

n\ (n—3\ n! (n—=3)! 1 1 .
(3)( 3 )_(n—3)!3!.(n—6)!3!_@n(n_l)”'(”—@—%(n + o(n?))

such pairs (we are not dividing by 2 because in the sum the pairs 7, 7" and 7",
T are both present). Notice that while we could estimate the contribution of these
pairs to E (X?) as ©(n%p°®), we do not want to do it because we want to show that
P[X > 1] — 1, not just some constant — hence we cannot hide the constant in ©.

e Triangles sharing exactly one vertex. These pairs also have no common edge, so the
six edges (three for each triangle) are distinct, and again E (I7I7/) = p®. The number
of such pairs is ©(n®) (we pick 5 vertices out of n and there is a constant number of
ways how to arrange them into a pair of triangles). Since this is negligible compared
to ©(n’p%) from the previous case, we don’t need to determine the constant.

e Triangles sharing exactly two vertices (i.e. an edge). In this case, the two triangles
together have five distinct edges; hence F (Irl7) = p°. There are ©(n*) such pairs
(thanks to p® = O(p®n), we don’t need the constant for the same reason as above).

e Triangles sharing three vertices. This covers the case T' = T’, so we have (g) such

pairs and each of them has probability p®. Their contribution is thus §(n®+o(n®))p® =
O(n*p?) = o(n®p®) because n>p* /np° = (np) =2 = w(1)™3 — 0.

Put together,

E (.)(2) ~ —;6 (nG -+ O(’I’Lﬁ)) pG -+ @(n5p6) -+ @(n4p5) -+ @(n3p3) = _316 (TLG —+ 0(n6)) p6.
i (B (X)) 561°p°
3677,
PIX>1]> X "~ T+ o) — 1.

If we choose p < 1/n, then the probability of having a triangle in G goes to 0.

If we choose p = 1/n, then the probability of having a triangle in G goes to 1.

This transition from “almost surely no triangles” to “almost surely some triangles” occurring
at p = 1/n is called a threshold phenomenon. In this case, however, the threshold is coarse
because the transition does not occur entirely suddenly. Let’s investigate it.

U: What is the probability that a random graph G(n,p) contains a triangle if p = ¢/n for
a positive constant ¢?

Solution: Let X be the number of triangles in G. For an upper bound on P, we revisit our

first moment argument.

P[X>O]§E(X)~§

For a lower bound on P, we revisit the second moment argument. It will be handy that
np = c.

1 1 6 3
E(X2) ~ o (n° + 0o(n®)) p° + O(n°p®) + O(n'p®) + = (n® + o(n®))p* = = + —.
36 6 36 6
Hence )
ExR Lo
PlX >0] > ~ = ]
X >0 ey ~ Ty T B



We can conclude that P belongs to an interval dependent on ¢ and is neither approaching
0 nor 1 (the precise value is P & 1 —exp(—c?®/6), but we don’t have tools to prove it). That
is why our threshold is not sharp.

Let’s try a variant of the second moment method that uses D (X). If we can prove that

D(X)
BX) — 0, then

E(X?) _DX)+E(X)  D(X) +11
E(X) E(X)* E(X) ’

)2
X3 — 1.

The variance can be calculated by considering individual pairs of triangles:

D(X)=E(X*)-E(X)" = Z E (ITIT’)_Z E(Ir) E(Ir) = Z E(Irlr)—E (Ir) E (I7) .

.1 .1 .1

and thus P [X > 0] > g(%

This proves that the variance of a sum of DRVs can also be expressed as a sum over their

covariances:
D(X)=D (Z IT) = Cov(Ip,Ir).
T

T,
We split the calculation according to the number of edges shared by 7" and T".
e 0 edges — then Iy and I1v are independent and the contribution of this pair is zero.

e 1edge — then E (IyIy) = p® while E (I7) E (I) = p®. There are (}}) such pairs and
each contributes p° — p® < p°, so in total we have O(n'p°).

e > 2edges — then T = T” and the contribution of such pairs is (3) (p* —p°) = O(n®p?).

If we assume p > 1/n, then

It seems easier to calculate expectations (which are linear and easily bounded) than pro-
babilities (which would require some kind of convoluted inclusion-exclusion). Note how in
the second moment calculation, it turned out that the overlapping triangles are negligible.
This is not always the case, as we will see below.

Notation: Consider an event A, that depends on n somehow (e.g. A, could be “G(n,p(n))
contains a triangle”). If P(A,) — 1 for n — oo, we say that A,, happens with high probability
(w.h.p.) or asymptotically almost surely (a.a.s.).

Our method could be used for other subgraphs of GG, not just the triangle. But if overlapping
is common, the second moment method will fail; this tends to happen if the graph we’re
looking at has a subgraph which is more dense than the original graph. Let’s consider a
(4, 1)-lollipop graph H, i.e. a K, with one pendant vertex attached. The K} is the dense
part here.

U: Use the first moment method to determine a bound on p such that G(n,p) does not
contain the lollipop H w.h.p.

Solution: There are 5 vertices and 7 edges in H. The number of ways to choose H is ©(n®)
and for a fixed copy of H, it is present with probability p’, so E (X) = ©(n°p"). This goes
to 0 for p < n=5/7.



U: For p ~ n~°/7, compare the contribution to £ (X?) from a pair of disjoint copies of H
and from a pair of copies that share the K, contained in H.

Solution: For independent copies, there are ©(n'?) of them, each with probability p'4,
thus the contribution is ©(n!’p!1) = ©(1). For copies overlapping in Ky, the probability is
p® and there are ©(n®) such pairs, so the contribution is ©(nfp®) = ©(n?/7), significantly
larger than that of the independent copies.

U: Suppose that p = d/n where d is a constant. Prove that w.h.p., no vertex belongs to
more than one triangle in G(n, p).

Solution: Consider the probability P, that two triangles share a vertex v. Triangles that

only share v and no other vertices contribute at most p®(",;") = O(n~2) to P, (upper bound

because the probability of a union of events is at most the sum of their probabilities).

Triangles that share another vertex contribute at most p° (”;1) = 0O(n™2). So for a fixed v,

P, = O(n™?). Summing over all v, we get an upper bound on the desired probability equal
ton-0O(n~?) = O(n™'), which goes to zero.

DU: Exercises from BOOK: 1.4.1 to 1.4.9.

9 Isolated vertices in random graphs

Let’s investigate the property S = {G € G(n,p) | G does not contain isolated vertices}.

Let X =) I, where the sum is over all vertices v in G(n,p) and I, is the indicator DRV
for v being isolated. A vertex is isolated with probability (1 — p)"~!, so

E(X)=> E(L)=n(l-p" "
U: Prove that if p is a constant from (0,1), £ (X) — 0. On the other hand, if p = 1/n,

E(X)— .

Solution: In the first case, £ (X) = nc"™! — 0. In the second case,

E(X) :n(l—%)n (1—%>_1~n61 — 00.

Inn

c
In the following, let p = for a positive constant c.

U: Prove that if ¢ > 1, then F (X) — 0 and G € S w.h.p.
Thanks to p — 0, we have (1 — p) ~ e ? and thus

E(X)~n-el-e™ =nefe " =nl=c.ef 0.

From the first moment method we get P[X > 0] — 0,s0 P[X =0] — 1,ie. G € S w.h.p.

U: Prove that if ¢ < 1, then F (X ) — oco. Can we conclude that G ¢ S w.h.p.?

Solution: Again p — 0, so E (X) = n'"¢-eP — oo. Infinite expectation does not guarantee
that graphs with X > 0 occur often because the isolated vertices contributing to E (X)
could be concentrated in a small number of graphs.

U: Use the second moment method to prove that for ¢ < 1, G € S w.h.p.



Solution:

<Z[2 ZII) (X) +n(n—1)E (I,1,),

uFv

where
E (I,1,) = P[u and v are isolated] = (1 — p)*"~3.

We would like to prove that lim,, . EEQ) = 1. The fraction is easier to deal with when
inverted:

EX?) n(l-p)" ' +nn-1A-p>° 1+ @n-1)1-p"?>

E(X) (1 — ) T et
Thus

. E(X?) . 1 oon—1 1

lim —— =lim ————+ lim —— ——=0+1=1.
(the first limit uses that F' (X) — oo in the denominator). The limit of the inverted fraction
is thus also 1.

The behavior of G € S with respect to changes in ¢ is corresponds to a sharp threshold at
p = 1“7” For p below the threshold, there are isolated vertices in GG almost surely, while
after crossing the threshold by just a bit, isolated vertices completely disappear. We also say
that a phase transition occurs at the threshold probability (this term comes from statistical
physics and describes e.g. how ice suddenly melts into water at a specific temperature).

U: Prove that the threshold for isolated vertices in a random bipartite graph G(n,n,p) is

p= IHT” Specifically, let p = W;
0 if f(n) —» —o0,
P = P[G(n,n,p) does not have an isolated vertex| = < exp(—2e~) if f(n) = ¢
1 if f(n) — oo

Solution: Let X be the number of isolated vertices in G(n,n,p);

B(X) = 2n(1 - p)",

o+ 2) LI+  2) Ll

uF UFEV

u,v in the same part u,v in different parts

= E(X)+2n(n—1)(1—p)? +2n*(1 —p)* .
Then
E(X) ~2ne™™ = Ine~mn=fn) — 9c=F(n)

If f(n) — oo, E(X) — 0, thus first moment method yields P [X > 0] — 0 and thus P — 1.
If f(n) - —o0, E(X) — oo, and the second moment method yields P[X > 0] — 1 and
thus P — 0:

B (X? 2n(1 — p)* + 2n(n — 1)(1 — p)2" + 2 20-1
o EO) _ 200 0" 4 2000101 12020 )
_ 1 2n(n — 1) 1 1 1

_ —04-4-=1.
R EX) T 4 ai-p 273

The remaining case, f(n) — ¢, is the hardest; we deal with it in the next section.



10 Isolated vertices: Poisson approximation

The Chen-Stein method is mentioned in several books and articles. It can be used in si-
tuations where a sum of indicator variables approaches the Poisson distribution, as is the
case for our isolated vertices. Similar methods can be used for normal distribution (which
was the original result of Stein).

e Frieze, Karonski: Introduction to Random Graphs, Chapter 26.3, Theorem 26.12
e Janson, Luczak, Rucinski: Random Graphs, Chapter 6.2, Example 6.28

e Notes on the Chen-Stein method for Poisson convergence, Theorem 3.2

Let (X,,)22, be a sequence of non-negative integer-valued random variables and (\,,)5%, the
sequence of their expectations, i.e. A, = E(X,,). We say that (X,,) is Poisson-convergent if
the total variation distance dry between the distribution of X,, and Poisson(\,) tends to 0
as n — oo. (Note that we did not define total variation distance because we do not need to
actually calculate it. We are only interested in applying theorems providing upper bounds
on dry. See the references for the definition and the proofs of the theorems given below.)
Assume that A\, — .

o If A =0, (X,) converges to a distribution degenerate at 0, i.e. P[X =0] = 1 and
P[X = k] =0 for any k > 0.

e If A >0, (X,,) converges to Poisson(\).

e If A = oo, then CLT implies that (X,, — \,)/v/ A, — Normal(0, 1).

In order to prove this convergence, we employ the following theorem.

Theorem Chen-Stein 1. Let {I;};er be a set of indicator variables. For each i, dependency
neighborhood I'; is chosen so that the collection {I; : j ¢ I'; U{i}} is independent of ;. Let
X =3 . crliand A = E(X). Then the total variation distance between X and Poisson())
1s

dry (X, Poisson())) < min(1, A~ (ZE "+ Z Z( )+ B (L ))>

1€l el jel';

Let G(n,n,p) be a random bipartite graph with parts A and B, each of size n, and edge
probability p = % Let I, be the indicator variable for v € A U B being isolated;

eff(n)

Pll,=1=(1-p)" and E(l)=0-p)"~e P = -

Let X =3 .45 lv; we computed previously that
A= E(X)=2n(1—p)" ~ 2",

The dependency neighbourhoods are non-empty because I, and I, are independent only if
u and v belong to the same part. For [,,, we can pick I, as the part not containing v.

According to the theorem above,

dry (X, Poisson(A)) < min(1, A1) < > E + Y (E )+ E(I,I )))

veAUB veAUB uely,


https://www.math.ucdavis.edu/~gravner/MAT235A/assignments/df.pdf

We need upper bounds for the two sums. First,

—fm)\?  9e—2f(n)
> pp~e () <
n n

vEAUB

For the second sum, we need

—2f(n)
E (1,1,) = P |both I,, I, are isolated] = (1 — p)*" ' ~ (1 —p)*" ~ e %" = ‘ s
Then
—fmN? g2
S S (BU)EW) +E(1LL) =200 ((6 ) + ) = de72/
vEAUB uel, n n

Put together,
2672}“(”)

dryv (X, Py) < min (1,A7) ( + 46—2f<">) .

If f(n) = oo, then dry — 0 and A — 0, and thus P[X = 0] — 1. In other words, there
are no isolated vertices in G(n,n,p) w.h.p. Note that our usage of Theorem Chen-Stein 1
replaced the first moment method calculations in this case.

However, if f(n) — ¢, then dry does not approach 0, and our bound is too weak too prove
Poison convergence. We cannot derive any useful conclusion. Let’s try another version of
Chen-Stein.

For certain sets of indicator random variables we say that they are positively related. The
notion is somewhat technical and we don’t want to explore that too deeply (see Section 6.2
in the references above for more details). Our indicator variables for isolated vertices do
have this property, as explained in Example 6.28, so we can use the following theorem.

Theorem Chen-Stein 2. Let {I;};cr be a set of positively related indicator variables. Then
dry (X, Poisson()\)) < min(1, A1) (D(X) —E(X)+2 Z E (Ii)2> :

We already did the calculations required for this bound:

D(X) - B(X) = E(X?) - E(X)* - BE(X)
= 2n(n = 1)(1 = p)*" +20%(1 = )" = (2n(1 — p)")?
=2n(1-— p)Qn (n -1+ 1%]7 — 2n) = O(n e_2pn)0(n) _ 0(6—2f(n))7
2¢—2f(n)

Z E (IU)Q N - —0 (6—2f(n)) )

vEAUB

Put together,
dry (X, Poisson())) < min(1,A™!) o (e—2f(n)) .

If f(n) — ¢, then dpy — 0 (notice that while the small o guarantees the convergence, it says
nothing about how fast it is). Consequently, the number X of isolated vertices converges to
Poisson(A), and we know A = E(X) = 2e¢, and thus P[X = 0] — exp(—2e~°).



11 Random bipartite graphs and perfect matchings

Consider a random bipartite graph G(n,n,p) with parts of size n and edge probability p.
Existence of perfect matchings (PMs) is covered by the following theorem (Erdés, Rényi

1
1964). Let p— 20+ S0
n
0 if f(n) — —o0,
P[G(n,n,p) has a perfect matching] = < exp(—2¢7°) if f(n) — ¢,
1 if f(n) — oc.

Notice that this threshold coincides with the one for isolated vertices. That’s great: a graph
with an isolated vertex does not have a PM, so for f(n) — —oo, we immediately get G has
no PM w.h.p., i.,e. P — 0 (and we don’t need to employ the second moment method). In
the rest of the chapter, we will prove that if f(n) — oo, G has a PM w.h.p.

A bipartite graph has a PM if and only if it does not contain an obstacle according to Hall’s
marriage theorem, i.e. a set S of vertices in one part coupled with its neighbourhood N ()
such that |[N(S)| < |S|. Among all the obstacles, we can look at a minimal one that satisfies

(i) |S] = [N(S) +1,
(i) |S] <n/2,

(iii) every vertex in N(S) is adjacent to at least two vertices in S.

U: Prove that such S exists iff G does not have a PM.

Solution: If u € N(S) only had one neighbour v in S, then S —wv is also an obstacle because
its neighbourhood is N(S) —w. If |S| > |N(S)|+ 1, we just remove some vertices from S. If
|S| > n/2, then the complement of N(S) in the part not containing S is also an obstacle,
and a smaller one.

Next, we show that the expected number E(X) of obstacles is o(1), which by first moment
method would imply that P[X > 0] — 0, i.e. a random bipartite graph G(n,n,p) has a
PM w.h.p.

Assume S is an obstacle satisfying the three condition given above. If | S| = 1, S is an isolated
vertex; we already know that those disappear above the threshold, so they contribution to
E(X) is o(1).

If |S| = 2, then S consists of two vertices joined to a single vertex in N(S); we call this
structure a cherry. The number of cherries is O(n?) and a fixed cherry exists with the
probability p?(1 — p)**~2. The contribution of cherries to F(X) is thus at most

T(n) = O(n®*p*(1 — p)*"2) = O(n - (np)*e2"™) = O (nz’e ")

where x = np = Inn+ f(n) — oo. Since the exponential function dominates any polynomial,
we have 22e™2* = o(e~!7), and thus T'(n) = O(n - n~1° . e~ 19/ (M) = o(1).

Remark: Without the condition (iii), we can only assume one edge between S and N(.5),
and thus T'(n) ~ n?zre~2*. Since e72* = n~2¢2/(™ we have T'(n) = (Inn + f(n))e /™
and a slowly growing f(n) is insufficient to overcome Inn and make it o(1). It actually
helps for |S| somewhere up to n/Inn: if we assumed just one edge from every vertex of
N(S), which we can thanks to each vertex being neighbour of a vertex in S, we would get



s—1,s—1. -1

s*7tp*~h if we assume two edges, we get (2)3 P> (see the relevant bullet point below).

So the addltlonal terms are roughly (551)*"'p*~! &~ (sp/2)*, and for |S| = 2n/Inn, we have
sp/2 ~ 1 (note that = is only to give a rough idea, we cannot use ~ since the exponent
depends on n, too, and it is not correct to just estimate the basis of the exponentiation if
the exponent is also a function of n and not fixed). For large |S|, applying (iii) increases
the upper bound on the contribution of such S, but not too much, and it simplifies the

calculations somewhat, as we will see, so we still apply (iii).

For |S| > 3:

e There are at most 2( ) sets S of size s, each of them having ( ) possible neighbour-
hoods, and for a given pair S, N(S) we need the probability of it being an obstacle.

e According to (iii), for each of s — 1 vertices in N(S) we pick two neighbours in S;

there are (;) ! ways to do it and the probability that all the required edges exist is
25—2
Pt

e None of the s(n— (s —1)) edges between S and the complement of N(.S) in the other
part must exist. (For the remaining edges, we don’t care if they are present or not.)

Altogether, the contribution of obstacles of size > 3 is at most
n/2

o Z ( ) (s - 1) (;) SilPQS_Q(l — p)snms+D),

Many sums can be dealt Wlth by guessing which part is small and then using very rough
bounds to prove that that part is negligible. A guidance for this can be provided by plotting
the summands, so that’s what we do now. The charts also include an upper bound we will
derive soon.

log(summand) for n=10"3, p=(In n)/n, $=2..100 log(summand) for n=10"8, p=(In n)/n, s=2..100

— summand
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o
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o 20 40 60 80 100

le8 log(summand) for n=10"8, p=(In n)/n, s=10000..(0.75n)

—— summand
1.0 Upper Bound

0.5 4

0.0 4

In(summand)

1.0

154




It seems that at some point, the summands start growing quickly with s (superexponential
growth suggested by the log plot), so we do need an upper bound like (ii) on s. Visualizations
reveal this trend only for sufficiently large values of n and s. Given that the summands
seem smallest in the middle but large at both extremes of the s € [3,n/2] range, we cannot
simplify the sum by cutting off the tails or focusing on a narrow central portion.

We derive upper bounds for different components of the summands with the goal of isolating
terms dependent on s within the summation and moving the remaining terms before the
sum. It turns out that we can replace some occurences of s with n/2 in such a way that
we get Y 2° with z depending only on n, not s, and then we can sum it as a geometric
series. This can only work if the summand for any fixed s in our range is o(1) as n — 0.
Computer-generated plots suggest it is true.

Log Summand In(Ts) vs. Log Upper Bound In(Us) for Fixed s
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For estimating large binomial coefficients, we use

<z>:nm—1y~m—k+1hgﬁggcﬂy

which is true because eF = Y20 & > K thus

1
i=0 3l ~ KD k!
Next,

1
s(n—s+1):sn—52+825n—sg+s:§sn and VieR 1—ax<e”,

hence ) )
(1 — p)s(n—s—i-l) S (1 _p)isn S e—p(gsn).

z/; ( ) (s - 1) (;)HPQH(l _ p)slnstD

n/2 s—1 _ —
( >5 s 1(3 - 1)8 1p23—26—%p5n
Z s—1 251

=3
—lS(np)
2 .
- enp2 Z 238

The property “G has a PM” is monotone, i.e. adding edges to a graph that already has a PM
does not destroy the PM, and thus it is sufficient to provide a proof for some value of p and
we know the result will also hold for any larger value of p. We are also assuming f(n) — oo,
so np = Inn + f(n) can be assumed to be between Inn and 2Inn for a sufficiently large
n. We use these bounds in estimating V; for instance, exp(—3(np)) < 1/y/n. We also use
1/s <1/3.

Put together,

n/2

4n e2(np)? _i °
< 7 —35(np)
V= 3e(lnn)? Z ( 2

s=3

n/2

s=3

—O<H-E@)=OW””WM=WH

In>n n3/2

Remark: Notice that none of the bounds we used is asymptotic, i.e. all of them hold every-
where we used them (if this was not true we might run into trouble with our estimations
since s depends on n too, thus we cannot carelessly manipulate the base E| ). The base of the
s-th powers in the summands is o(1), so for any large enough n it is below a constant smaller
than 1, and for such n our sum can be bounded from above by a convergent geometric series
(which we can extend to infinity since we don’t care what the actual sum of the series is).
The convergence of the base to o(1) is slow, though: it only gets below 1 for n > 17 - 10°.

1 n
!An example of this kind of error: e = <1 + > ~(1+0)"=
n



If we did not analyze cherries separately, we would get O(In®n) as the upper bound — too
big.

If we did not impose (i), we could not estimate s(n — s + 1); without the exp(—3(np)),
some individual summands would not be o(1), especially not those for s close to n.
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